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Abstract

Numerical stability is considered for several Runge-Kutta methods to systems of
neutral delay differential equations. The linear stability analysis is adopted to the
system. Adapted with the equistage interpolation process as well as the continuous
extension, the Runge-Kutta methods are shown to have the numerical stability similar
to the analytical asymptotic stability with arbitrary stepsize, when certain assumptions
hold for the logarithmic matrix norm on the coefficient matrices of the NDDE system.
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1 Introduction

We are concerned with stability behaviours in numerical methods for the solution of initial
value problems in neutral delay differential equations (NDDESs) of the form

u'(t) = f(t,u(t),u(t —7),u'(t —71)), t>0, u(t) =g(t), —17<t<0, (1.1)

where the delay 7 is a given positive constant, f and g denote given vector-valued functions,
and u(t) is the vector-valued unknown function to be solved for ¢ > 0.
In particular, stability of numerical methods will be studied based on the linear NDDEs

of the form
u'(t) = Lu(t) + Mu(t —7) + Nu'(t — 1), t>0, (1.2)

where L, M and N are d X d complex matrices. Relevant works can be found in [1, 2, 9, 10,
11, 12, 13, 14, 16, 17, 23].
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BELLEN, JACKIEWICZ and ZENNARO [1] investigated the stability properties of Runge-
Kutta (RK) method for (1.2) with respect to the scalar complex parameters L, M and N,
and have shown that every collocation RK method whose underlying RK is A-stable becomes
NP-stable, i. e., the methods have a similar stability property to A-stability, when the delay
is an integer-multiple of the stepsize.

For the system of NDDEs (1.2), the collocation RK method whose underlying RK is
A-stable has been considered by Hu and MiTsut [9], Qiu, YANG and KUANG [18]. On the
other hand, KuaNG, XIANG and TIAN [16] have shown that under the condition || NV ||< 1,
the system is asymptotically stable if and only if

(S1)  every eigenvalue of the matrix L has negative real part,

(S2 for any pure imaginary ), the spectral radius of (A\] — L)*(M + AN) is

~—

less than 1 in magnitude,
and
(S3)  the spectrum of L™'M does not include — 1.

Note that the condition (S2) is readily verified to be equivalent to the condition that for the
parametrized matrix Q(§) = (I —EN)™Y (L + M)

(527) all the non-zero eigenvalues of the matrix Q(§) have negative real part

whenever [¢| < 1.

And we also have proved that a continuous collocation RK method applied to (1.2) is NGP-
stable if and only if the underlying method is A-stable (see [18]).

Moreover, for the case of underlying RK methods which are A-stable but its continuous
extension is not natural, KOoTo [14] has showed that the Radau IA and Lobatto IIIC methods
equipped with suitable continuous extensions are NP-stable for the scalar case of (1.2). This
drives us to the question whether they also have a similar stability property for the system
of NDDEs (1.2) with complex matrices L, M and N.

In this paper, we will show that the Radau IA and Lobatto IIIC methods have a similar
stability property for the system (1.2), and that the property is also valid for arbitrary
stepsize.

2 Continuous Runge-Kutta

For the initial-value problem (1.1), we consider an s-stage RK method. Let h denote the
stepsize. To cope with arbitrary stepsize, we introduce the fractional part of the delay 7
with respect to h. That is, for a certain natural number m, let § satisfy (m — d)h = 7 and
Je0,1).

The recurrence formula for RK at ¢,, = nh is expressed with

i=1



Urll,i — f(tn—i—cih, un—l—hZaijU,’hj,

j=1

Jj=1

S S
Un-mis + 1Y wigUy_isir D Cij 1/1m+5,j) (2.2)
j=1

where ¢; = Zaij holds for 1 < ¢ < s except for the cases of the 1-stage Radau IA and 2-stage
j=1

Lobatto ITIB methods. Here we introduce the vector b = (by, by, -+, bs)" and the matrix

A = (a;j)1<ij<s which define the underlying RK method for ordinary differential equations

(ODEs).

The second argument in f of (2.2) can be interpreted as an approximation to wu(t) at
the intermediate point ¢, + ¢;h ([4]). Similarly, the third and the fourth arguments in f can
stand for an approximation to u(t, + ¢;h — 7) and u/(t,, + ¢;h — T), respectively. However,
we need a certain interpolation process to these values. Hereafter we adopt the so-called
equistage interpolation procedure (IN 'T HouT|[7]). That is, for a pair of natural numbers
(r,t), letting L,(x) be the p-th Lagrange polynomial of degree (r + t) given by

! x—k
Ly(x)= ] o (p=-r,—r+1,...;t—1,t)
k‘:—r,k;épp -
we employ the approximations
t
Up—m+5 = Z Lp<5)unfm+pa (23>
p=—r
t
misg = 2o Lp(OUy i (G=1,....5) (2.4)
p=-—r

Note that we assume m > ¢ + 1.

Usually, the coefficients w;; and ¢;; in (2.2) are obtained through the polynomial w;(#),
which defines the natural continuous extension (NCE, [21]) of the RK, by w;; = w;(¢;) and
cij = wji(c;). In the two exceptional cases (1-stage Radau IA and 2-stage Lobatto IIB), we
take the linear interpolation for their continuous extension. NCE will be discussed later.

By introducing the notations L = hL, M = hM,e = (1,1,...,1)T € IR®,
W= (wj(ci)h<ijes, T = (Wilci))h<ij<s (2.5)

and the Kronecker product symbol ®, the continuous RK method (2.1)-(2.2) applied to (1.2)
can be expressed with the difference equation

t
Up= T @N) > Lp(0)Uy pnyy =
p=—r

(e® Lyu, + (A® L)U,, + (e ® M) Et: Ly (8)tn—mip

p=-r



+<W ® M) zt: Lp(é)U;z—m—i-p? (2'6)

p=-r

Uiy = g+ (67 @ L)L, (2.7)

Here U] stands for the (ds)-dimensional vector of the stage values at t;. Egs. (2.6) and (2.7)
are also written in

I—A®L 0 u, o\
b'eIl, I Upt1 |
t
Z LP(5>U;L—m+p

<0 e@L)(U;1>+<F®N+W®M o) =,

0 1, U, 0 0 ¢
Z Lp(a)un—m-kl-%p
p=—r
t
_ L,(6U!
0 €®M p;r p( ) n—m—1+4p
0% ; . (2.8)
Z Lp(6)ttn—m-+p
p=-—r

Therefore the characteristic equation of the above difference equation is given by
det [2"'Q(z) + P(z)] = 0,
where the two (d(s + 1))-square matrices are

([ (I-A®L):z —e®L
Q(Z) - ( —(bT®Id)Z (Z_1)1d>u
~-TeON+WeM) i Ly(8)2PT —(e® M) i L,(0)zP

p=—r p=—r

0 0

For notational convenience, we define the following matrix-to-matrix functions Mx (Y, Z)
and Rx (Y, Z) associated with the continuous RK,

Mx(Y,Z) = I4q—A@X-WY -TI'®Z, (2.9)
Rx(Y,Z) = Iqg+ " @I)Mx(Y,Z2) (e® I)(X +Y). (2.10)

Here X,Y and Z are d-square matrices, while My and Rx (sd)-square matrices.

In the sequel, we restrict ourselves in the case of r < t < r + 2 for the equistage
interpolation procedure. As a matter of fact, the following lemma was shown in [19].

t
Lemma 2.1 Let y(z,2) = Y L,(2)z"™" (z € €). For any z and = satisfying |z| = 1 and
p=—r
0 < x < 1, the estimation |y(z,x)| < 1 holds if and only if the inequality r < t < r + 2 is
valid.



Therefore, we can give a sufficient condition of the asymptotic stability of the continuous
RK. Hereafter p[-] means the spectral radius of the referred square matrix.

Theorem 2.1 The equilibrium solution of the difference equation (2.8) is asymptotically
stable if the condition

(C)  det[Mr(CM.CN)]#0 and  p[RL(CM,(N)] <1
is satisfied for any complex parameter ¢ with || < 1.
Proof. When ¢ = 0, we have
Mp(CM,(N) =TI — A® L, Rp(CM,CN) = L+ (b" ® I;)ME(0,0)"! (e ® I4) L.
Thus from the condition (C),
det[Q(2)] = z**det[] — A® L]det[z] — Rz(0,0)] # 0, for any |z| > 1.
Furthermore, we obtain

sup p[Q(2) ' P(2)] = sup{[{| : det[(Q(z) — P(2)] = 0}

|z|=1 2]=1
= (it aeiee + cpen =)
and

det[Q(z) + CP(2)]
= 2*det[zly — Rp(C Y Ly(0)zPM, ¢ > Ly(6)2PN)]

x det[ M (¢ zt: L,(8)2" M, ¢ zt: L,(6)z"N)]

= z*det[zI; — Rp(C*M, (" N)] det[M(C*M, " N)],

¢
where ¢* = (¢ > L,(0)2".
p=—r
Lemma 2.1 yields |¢*| < 1 when |z] =1 and 0 < § < 1. Then the condition (C) implies
that sup,_, p[Q(2) "' P(2)] < 1. Thus the theorem is obtained by the theorem of IN 'T
Hout and SPIJKER [6]. 1

Corollary 2.1 If det[M7(M,N)] # 0 and p[Rz(M,N)] < 1 hold for any L, M and N
which satisfy the conditions (S1), (S2) and (S3), then RK method is asymptotically stable.

Proof. Since L, M and N satisfy the conditions (S1), (S2) and (S3) implies L, (M and (N
satisfy (S1), (S2) and (S3) for any |¢| < 1. 1
Finally in this section, we refer to the proposition by [14].
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Proposition 2.1 Let w;(0), 1 < i < s, be polynomials which define an NCE of the RK
method, then the following statements are true:

(i) The matrices W and I' defined by (2.5) satisfy

WI =W, b'T =b". (2.11)

(11) The inclusion o[['] C {0,1} holds. Here o[I'] denotes the spectrum of T.

3 Radau IA and Lobatto IIIC types

Let us discuss the Radau TA method applied to NDDEs. ZENNARO (Theorems 5 and 7 in
[21]) showed that the Radau IA method of order 2s — 1 has a unique NCE, which is called
the collocation-based NCE, determined by

()= [ 4w (1<j<s)

where [;(6) are the Lagrange polynomials of degree (s — 1) associated with the RK abscissae

{¢;}. That is to say,
5 60— CL .
Lo = T NEEP)
k=145 € — Ck

Due to the above expression the matrix W of the collocation-based NCE of Radau IA has
its (i, j)-component given by

wile) = /0 1 (0)dv, (3.1)

where the abscissa ¢; is equal to that of Radau IA. We note that the matrix W coincides
with the matrix A neither of Radau IA nor of Radau ITA underlying for ODEs. On the other
hand, it is obvious

r=1 (3.2)

For the case of the Lobatto IIIC method which is of order (2s — 2), it has at least one
NCE called the projection-based NCE. As a matter of fact, the projection-based NCE of
Lobatto IIIC employs the polynomial w;(#) of degree (s — 1) defined by

wj(0) =0, wi(l)=0b;, 1<j<s,

1 1
/ 09 w;(0)dg = —b;j(1 —cf), 1<j<s 1<qg<s—2.
0 q

Since the underlying s-stage Lobatto ITIC method satisfies the simplifying condition C'(s—1)
and w;(#) are polynomials of degree (s — 1) fulfilling w;(0) = 0, we have the identity

AT = W. (3.3)

As the abscissae of the Lobatto methods of all types (IIIA to IIIC) are same, we arrive at



Proposition 3.1 The matriz W of the projection-based or the collocation-based NCE of
Lobatto IIIC method is equal to the matriz A of the underlying Lobatto IIIA method.

The proof is in [14] (Proposition 2.5).
Next, we turn to the W-transformation. Define the matrix W by
W = (Pj1(ci))i<ijs<s,

where Py (0) denotes the normalized shifted Legendre polynomial of order k, i.e.,

_V2k+1d8

k(g _ 1\k
Then by Eq. (3.1) and Proposition 3.1, we have
_—
. & 0 .
WAW = o e, : (3.4)
65—2 0 —Ms—1
55—1 ks
; &
&1 0 t-
-1 — . .
W WW = . SR , (3.5)
5372 0 _7?571
gs—l ks

where the off-diagonal elements are {, = 1/(2v/4k? — 1). However, in the case of the Lobatto
ITTIC method, we have further

2s —

S —

1 .
Ns—1 = ] &s—1 and 7,1 =0,

and on the diagonal k, = 1/(2s — 2) and k, = 0, whereas, in the case of the Radau IA
method

1 A 1
P d doy=-—
Ns—1 Ns—1 55 1, s 4s — 92 an 4s — 92
(see [5]). Furthermore
bW =el, Wle=e,, (3.6)
where e; = (1,0,---,0)T. These properties of the WW-transformation will be applied in our

stability analysis.



4 Preliminary lemmata

A series of lemmata concerning with estimations for the matrices Mx (Y, Z) and Rx (Y, Z)
will be shown in this section for our main theorems. Let ps[-] denote the logarithmic norm
of a matrix induced by the Euclidean norm on ¢'?. For any d x d matrix X, it can be shown

R(v*Xv)
X] = - 7 4.1
H2|X] ve%%iéo v (4.1)

where the symbol * denotes the conjugate transpose of a vector (see [20]). Moreover, a
positive definite matrix X is denoted by X > 0.
The following is Lemma 3.2 of [15].

Lemma 4.1 When H stands for a positive definite Hermitian matriz, the following three
statements hold:

(1) If ua[HX] <0, then o[X] C €.
(ii) If the matriz X is invertible and pus[HX] < 0 holds, then pua[HX '] < 0.

(iii) If the matriz sum X + Y is invertible and X*H'X — Y*H™'Y > 0 holds, then
e H(X +Y) 1Y — X)] < 0.

Lemma 4.2 Let A, b and W be those of the Radau [A with the collocation-type NCE.
Assume that X, X +Y and I — Z are invertible and there is also a Hermitian matriz H > 0
satisfying the conditions puo|[HX (I — Z)7' <0, uo[H(X +Y)(I — Z)71] <0 and

X*H'X —-Y*H 'Y > 0. (4.2)
Then the matriz Mx (Y, Z) is non-singular, i.e.,
det[Mx (Y, Z)] # 0, (4.3)
the matriz Rx(Y, Z) can be expressed with
Rx(Y.Z) = I+ 2 [~ I+ (I - 2" 8o(X,Y, 2)(I - 2)] (4.4)
and its spectral radius is less than unity, i.e.,
p[Rx(Y,Z)] < 1. (4.5)
Here the matrices {®y(X,Y, Z)} is recursively defined from
XY, ) =T -2)(Y - X) "X +Y)I-2)" (4.6)

through
Cr(X,Y,Z) =202k + 1)(I = Z)(X + V)7 + @ (X, Y, 2) 7 (4.7)

fork=s—1,s—2,...,0.



Proof. Put X = X(I—2)"", Y =Y(I —Z)~". Due to (3.2), we have
Mx(Y, Z) = Mg(Y,0)[I ® (I - Z)], (4.8)
and

Rx(Y,Z) = ILg+b"@L[I® (I—2)]  Mc(Y,0)] e L)(X+Y)I - 2)
= T+ b @I —-2) M(Y,0)] He® L)X +Y)(I - Z)

= (I-2)7'Re(Y,0)(I - 2). (4.9)
Consider the linear equation
Lig—AX -WRY-1®Z O VI [e®(X+Y)v (4.10)
—bT & [d ]d U1 - Vo ’ ’

where v; € €% and V € €*¢ are unknown variables while vy € €% a known variable
arbitrarily given. Multiplying both sides of (4.10) by

w1 ®I1; O
O 1,

and letting

W e (- 20V =WV, Vy - V. =V, 6 =-2Z)v, o= Z)vo

yield the following identities.
Lg— WTAW) @ X — (W TIIW) @YV = Wle® (X +Y)v,, (4.12)
—W'RI)IRI -2 YWRI)V +(I—2)""w = (I-2)"",. (4.13)

Noting the identity (b @ I;)(I ® (I — Z)™') = (I — Z)~(b" ® I;) and the equations (3.6),
(3.4) and (3.5), we obtain the following decompositions.

L= X+ TV QX+ 7V, = (X4 V), (4.14)

G XYW+ Vi + &G&a(X +Y Wi = 0, (k=1,...,s—2), (4.15)
e (Rt (1 - 4871_2(5( - ?)) vV, — o0, (4.16)
—Vi4v, = 9. (4.17)

Furthermore, substitution of ¢, = V;/v2k—1 (k = 1,...,s) transforms the equations
(4.14) - (4.17) into

(—=1a + Q(X + Y)_l) Py + 1Py = 20y, ( )

Y = 22k+ D)X +Y) Py, (k=1,...,5-2), (4.19)

P = [22s— DX +Y)T - (X +Y)H(X =Y)] 9, (4.20)

v = Yo+ Y. ( )



The second and third statements of Lemma 4.1 together with the equations (4.2) and (4.6)
imply
WalH(L = 2)'0,(X, Y, Z)(I — 2)] = gl H(Y = X)" /(X +Y)] <0,

which means o[(I — Z)"'®,(X,Y, Z)(I — Z)] C €~ through the first statement of Lemma
4.1. By induction and Lemma 4.1, we can prove that o[(I — Z) ' ®(X,Y, 2)(I — Z)] C €~
and O, (X, Y, 7) is invertible for k = 0,1,...,s.

Equation (4.20) implies ¥,_; = ®5_1(X,Y, Z),. Then by (4.19) we recursively obtain
Y, = (X, Y, Z)Y,, (k=s5—2,...,1). Henceforth Eqs. (4.18) and (4.21) yield

~ ~ —1
01 =00+2(~Li+2X +Y) "+ &1(X,Y,2)") by,

which brings
Dy = 0o+ 2(—Ig+ (X, Y, Z)) " g,

then
v =vo+2(~1y+ (I - 2) " 0o(X, Y. 2)(I — Z)) " wo, (4.22)

Since vy = 0 implies that v; as well as V' vanishes, Eq. (4.3) holds. From (4.10), we can
write v; = Rx (Y, Z)vo, which, together with (4.22), yields Eq. (4.4).

Furthermore, since the function 14+2/(—1+2) = (¢ +1)/(2 — 1) maps the left-half plane
Rz < 0 onto the unit open disk, and the inclusion o[(I — Z)~1®¢(X,Y, Z)(I — Z)] C €~
holds, we can obtain (4.5) through the spectral mapping theorem. 1

As for the Lobatto ITIC method with the projection-based NCE, we have the following.

Lemma 4.3 Let A, b and W be those of the Lobatto IIIC method with the projection-based
NCE. If X, X +Y and I — Z are invertible, and that there is a Hermitian matrix H > 0
which supports the inequalities us[HX] < 0 and ps[H(X +Y)(I — Z)71] <0, then we have

det[Mx (Y, Z)] # 0, (4.23)
and Rx (Y, Z) satisfies
Rx(Y,Z) = I +2(~Lo+ (I - 2)"'@(X,Y, 2)(I - 2)) ", (4.24)
where the matriz ®o(X,Y, Z) is recursively defined as

for k=s—-2s5—-3,...,0

with
P, (XY, Z)=2s-2) I - 2)(X+Y)' X X +Y)I-2)" - I (4.26)

and the inequality
plRx (Y, 2)] < 1 (4.27)

holds.
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Proof. By Propositions 2.1 and (3.3), we have AI' = W and WI' = W. Thus, putting
Y =(XZ+Y)(I—Z)"!, we obtain

Mx(Y,Z) = I-A@X -WRY -TeZ
= I-AX-WaY)I-T®Z)
= Mx(Y,00(I -T® Z).

Since Proposition 2.1 gives b'T' = b, we can calculate as follows.

Rx(Y,Z) = Ijs+ (" @I)Mx(Y,Z2) He® [)(X +Y)
= I+ (W) -T®2Z2) 'Mx(Y,0) e I)(X +Y)I - Z)
= I-2)'W'@U—TRZ)(I-T®Z)*Mx(Y,0) e ® I;)(X +Y)]
x(I —2)
= (I-2)"'Rx(Y,0)(I - 2).
Consider the system of linear equations corresponding to (4.10) in this case. Note that the

(1,1)-block of the coefficient matrix in the left-hand side is substituted with Mx(Y,Z) of
this case. By putting

~ T

(W_1®]d)(I_F®Z)V:(V1T7v2T7"'7VS )Ta vAl:(I—Z)vlv ,UAO:(I_Z),UO'

the remaining part of the proof is analogous to that of the previous Lemma and we omit the
repeating. 1

For the Lobatto IIIC method case with the collocation-based NCE we can have the
following.

Lemma 4.4 Let A, b and W be those of the Lobatto I1IC method with the collocation-based
NCE. If the three matrices X, X +Y and I — Z are invertible, and there is a Hermitian
matrix H > 0 which supports the inequalities

o [HX(I —2Z2) <0 and w[HX+Y)I -2)'<0,

then the same results of Lemma 4.3 can be obtained for the matrices Mx (Y, Z) and Rx(X,Y),
except that the expression for ®s_1(X,Y, Z) is replaced with

O, (XY, 2)=02s -2 - 2)X+Y) I -2D)H)X ' X+YV)I-2)" — 1,

Taking into account that the matrix W coincides with the matrix A of the underlying
Lobatto IITA method, we can prove this lemma similarly to the above lemmata.

5 Main theorems and illustrative examples

Prior to the statement of our main theorems, we give the target concept of numerical stability
precisely.

11



Definition 5.1 A numerical method is said to be NGP-stable if the numerical solution of
the method when it is applied to any analytically stable system (1.2) diminishes to zero as
n — oo with arbitrary stepsize.

Here the symbol NGP stands for the general P-stability for NDDEs.
Lemmata 4.2, 4.3 and 4.4 obviously imply the following main theorems, respectively.

Theorem 5.1 Assume that the conditions (S1), (S2) and (S3) hold and, moreover, that
(LCP) there is a d x d Hermitian matrix H > 0 which supports

pa[HL) <0 and  po[H(L+M)(I—N)"H] <0. (5.1)
Then the Lobatto IIIC method with the projection-based NCE is NG P-stable.

Theorem 5.2 Assume that the conditions (S1), (S2) and (S3) hold and, moreover, that
(LCI) there is a d X d Hermitian matrizc H > 0 which supports

pol HL(I = N)™'1 <0 and  po[H(L+ M)(I — N)™)] <0. (5.2)
Then the Lobatto IIIC method with the collocation-based NCE is NGP-stable.

Theorem 5.3 Assume that the conditions (S1), (S2), (S3) and (LCI) are satisfied, and,
furthermore, that the inequality

L*H 'L — M*H'M >0,

holds. Then the Radau IA method with the NCE is NGP-stable.

To illustrate our main theorems, we give a few simple examples of NDDE. Recall Eq.
(1.2) given by
W' (t) = Lu(t) + Mu(t —7) + Nu'(t — 1), t>0.

The first example is the case for

(0 8) (). x=(10)

It is easy to calculate that the spectrum of L is just —10, while that of L=*M {0, 1/10}.
Furthermore, we have

wik O

1

<1
10+ 2

sup p ((z] — L)Y (M + zN)) = sup
Rz=0 R2=0

Henceforth the conditions (S1), (S2) and (S3) are satisfied, and the system (1.2) is analyti-
cally asymptotically stable.

12



When we take the positive definite matrix H = ( g 1 ), we can show
pol HL] = 10,
—60 + 5v/37
poHL(I — N)™'] = % <0,

palH(L+ M1 = N) ) = =V <o

w71 wrr—1as (32 0
and L*H 'L — M*H M = 0 100

Then by Theorems 5.1, 5.2 and 5.3, the numerical solutions of the Radau IA method, of
the Lobatto IIIC method with the collocation-based NCE and of the Lobatto IIIC with the
projection-based NCE are all NGP-stable.

is positive definite.

The second example is the case of

~10 1 2 -1 0 3 L1052
L=| 3 12 0 |, M=|1/21/21] N=—| 4 03|
1 2 -9 1/2 3/2 0 —2 4 1

It has been shown to be analytically asymptotically stable in [8]. And we can obtain the
estimation || NV [|o~ 0.0982387 < 1, which implies (S1), (S2) and (S3).
When we take the identity matrix as H, we can obtain

(o[ HL) &~ —7.0761,

o[ HL(I — N)™') & —7.46325,
po[H(L + M)(I — N)™1)] &~ —5.3965,

217/2  —45 —53/2
and L*H'L — M*H'M = ( —45  293/2 —33/2 ) is positive definite. Hence the
—53/2 =33/2 75
numerical solutions by the Runge-Kutta methods considered in this paper are all NGP-
stable.
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