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Abstract

A model with time delay is considered for a predator-prey system. Here, a single
species disperses between n patches of a heterogeneous environment with barriers be-
tween patches while a predator does not involve a barrier between patches. It is shown
that the system is permanent under some appropriate conditions, and sufficient condi-
tions are established for the global asymptotic stability of the positive equilibrium of
the system.

Keywords: Permanence; globally asymptotically stable; predator-prey dynamics; equi-
librium; positive solution.

1 Introduction

Much interest has been growing in the study of mathematical models of biological populations
dispersing among patches in a heterogeneous environment, which has been the subject of
several recent papers (see e.g. [1]-[7], [9, 10, 16, 17, 19, 20] and references cited therein).
Particularly, the single population dispersing among patches has been studied in [1], [3]-[9],
and the predator-prey interactions in a patchy environment have been dealt with in [2], [5]-
(7], [10, 17, 18]. Some of them, [1, 4, 5, 17, 21, 22] deal with the question of global stability
of the equilibrium solution.

This paper is concerned with a model of a single species that disperses among the n
patches of a heterogeneous environment with barriers between patches, and with a predator
against the species for which the dispersal between patches does not involve a barrier, and
due to gestation the time delay is considered. Such models are often found in nature and we
can find their examples in [11, 12].

The work in this paper can be regarded as a continuation of the work in [4, 5, 24].
In particular the model we choose to study here is based upon those developed in [5, 24].
Freedman and Takeuchi [5] considered the system of n + 1 autonomous ordinary differential
equations as a model of the predator-prey system living in a patchy environment and the



question of global stability for the single-species (prey) subsystem. They deal with the
extinction and persistence of the predator. Wa and Ma [24] considered the asymptotic
behavior of solutions of a predator-prey system incorporating time delay, in which the prey
disperses between just two patches of a heterogeneous environment. Then how about the
result for the model which deals with a single species that disperses between n patches?

In this study, we analyze such a system with n patches, each is permitted to have a
different level of difficulty in its “escaper” barrier. Furthermore, once the population has
left its present patch it may not successfully reach a new one of the environment (predation,
harvesting, or for other reasons). In the analysis, we regard the probabilities of a successful
transition between patches as a given condition, and show that the equilibrium is permanent
under some appropriate conditions, and that the delay does not affect the permanence of
the populations. Moreover, sufficient conditions are established for the global asymptotic
stability of the positive equilibrium of the system.

The paper is organized as follows. In the next section, our model is described in detail.
Section 3 deals with the question of the existence of positive equilibrium. In Section 4, we
obtain sufficient conditions, under which the populations are permanent, and other sufficient
conditions are established to ensure the absolute global asymptotic stability of the positive
equilibrium of the system. A special case is considered in Section 5. Lastly, Section 6 gives
a discussion of our results.

2 Modelling equations

We consider the following predator-prey system with diffusion and time delay in an n-patch
environment:

#io= wifi(ziy) —she) + Y ppsihi(e), i=1,2,... 0
b a7 (2.1)

= y<—s<y>+zcie<xi<t—f>>>,

with z(0) = ¢(0) > 0, 6 € [—7,0], y(0) > 0. Here the dot denotes the differentiation with
respect to time, z;(t) (i = 1, ... ,n) represents the prey population in the ith patch at a given
time ¢ > —7, while y(¢) stands for the total predator population for n patches. The barriers
of patches are assumed to be effective only as far as the prey population is concerned; thus
the predator population has no barriers between patches. The function f;(z,y) is the specific
growth rate of the prey relating to the predator biomass y, the function h;(x;) is the desire
to disperse out of the i¢th patch, pj;; is the probability of successful transition from jth patch
to ith patch, where i is different from j, and P;(x;) is the predator functional response of
the predator population on the prey in the ith patch. s(y) is the density-dependent death
rate of the predator in the absence of its food (the prey).

The quantity 7 > 0 stands for a constant delay due to gestation. Moreover the inverse
barrier strength ¢; is nonnegative, whereas the conversion ratio of prey into predator c¢;
positive. Fig. 2.1 displays the circumstances that the prey population, who leaves the jth



patch, reachs other patches at time ¢. The hatched part in the jth patch is the total of the
prey population leaving the patch at time ¢.
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denote the Banach space of continuous functions mapping the interval [—7, 0] into R’ C+
is chosen as the initial function space for system (2.1).

The system (2.1) brings the following assumptions, all of which are usual in modelling
the target phenomena.

(H1) f;, P, and h; are continuously differentiable for all 7 ;

(H2) f:(0,0) > 0; 0fi/0z; < 0 in int RT™; there is a k; > 0 such that fi(k;,0) = 0,
1=1,...,m;

H i < 0 1n wnt t=1,..., N
( 3) af/ay 0in 7 R:L_ 1,' 17 5 Ty
H . = 0; P/(x) > 0 for positive xz (2 =1,... ,n);
S =0U,s(y)>010ry >0, s(y) — +00 as y — +00;
H5 0 0, s 0 f 0

(H6) £h;(0) =0, n = hi(z;) = hi(0) > 0;



(H7) 0<pi <1, Y pi<L
i=1, i#j
Note that in (H6) the requirement h)(x) > h}(0) > 0 is a technical condition required in

the proofs. The quantity 1 is a bound on the growth rate of h;(x;) for all i. Without loss of
generality, we assume that h}(0) = 1.

For notational simplicity, define p;; = —1, i = 1,... ,n and we rewrite the system (2.1)
as

jji = xifi(xi7y>+zpji€jhj(xj)a 2:1727 y
= (2:2)
go=y (—s<y> S Pt - T>>> -
i=1
Lastly, assume that
i = QuE, Odi>0, pﬁ#O, i,jzl,...,n,
then the system (2.2) becomes
jji = xifi(xwy)+€iji04jhj(xj)7 1= 1727"' y
i=1 (2.3)

= y<—s<y>+zcie<xi<t—f>>>,

Hereafter we suppose that all the above assumptions are satisfied throughout the paper.

Since y(t) = 0 satisfies the second equation of (2.3), when we denote by (&1,&2,...,&,)
the solution of the simultaneous equations

v fi(2i,0) + gzpji@jhj(xj> =0 (i=1,...,n)
j=1
with respect to x; (i = 1,2,...,n), the constant solution

) =& (i=1,2,...,n), y(t)=0

fulfils (2.3). Therefore, we introduce the quantity
d=—s(0)+ Y c:P(&). (2.4)
i=1

As d depends on ¢, we often write d as d(¢), too.



Furthermore, let us introduce

V(xy, ... x,) = s7 (ZQB@J) if Zczpz(xz) > 5(0),

0 otherwise,

where s™! denotes the inverse function of s(y), y € [0, +00), then v is readily proved to be
nonnegative and continuous on R’} and to satisfy

oY/0x; >0 i=1,...,n, when ¢(z1,...,2,) > 0.
Next we will give the definition of notions which are fundamental in this paper.

Definition 2.1 ([16], P273) We say a population x(t) is permanent if there exist two positive
constants m and M, m < M, such that, for sufficiently large t, the bound m < z(t) < M
holds. We say a system of populations is permanent if all of its components are permanent.

Definition 2.2 ([16/, P149) The equilibrium E(x1,...,x,,y) of system (2.1) (equivalently
of (2.83)), if it exists, is said to be globally asymptotically stable (G.A.S.), if, for a fived T,
all positive solutions of system (2.1) tend to E as t — +o0.

We say E(x1,...,2n,y) is absolutely globally asymptotically stable (A.G.A.S.) if it is
globally asymptotically stable for all T > 0.

For the discussion of the following sections, now we concern a general n-dimensional
cooperative system

&= F(x), (2.5)

where F' belongs to C''-class on a domain R”! and has Jacobian matrix DF(z) with nonneg-
ative off-diagonal elements, i.e., for all i # j, 4,5 = 1,... ,n, 0F;/0x; > 0, for all x € R.
Denote the solution of (2.5) as x(t) whose initial value is x(0). The reference [13, 19, 20]
gives the following.

Lemma 2.1 (%) Suppose that x(t) is the positive solution of (2.5), then x(t) is strictly in-
creasing (decreasing) and converges to an equilibrium of (2.5) provided that F'(x(0)) > 0
(F(z(0)) < 0) and it is bounded.

(i) Suppose that x(t) is the positive solution of (2.5) existing on [0,4+00). Then if m(t) <
F(m(t)), t > 0, and m(0) < z(0), we have m(t) < z(t) for t > 0. Furthermore, if
m(t) > F(m(t)), t >0 and m(0) > x(0), we have m(t) > z(t), t > 0.



3 Positive Equilibria

The origin Ep(0,...,0) is clearly an equilibrium of (2.3). When ¢ = 0, there may be an
equilibrium in the positive subspace, i.e., of the form E(&, ... ,&,,0), where & > 0, =
1,...,n. Let P denote the n x n matrix (p;;). By [4], we know that E also exists for

A

sufficiently small ¢, and they show that if det P = 0, F exists for all ¢ > 0. Hereafter, we
deal with the positive equilibrium of the system (2.1).

We fix y as a nonnegative A and consider the subcommunity equations consisting of n
preys:

jl'i = Jl'zfz(l'z, )\) + SZpﬁOéjhj(l'j) (2 = 1, e ,n). (31)
j=1

Let (z3(A),...,2%(N)) be the positive equilibrium of (3.1).

rrn

We will study the global stability of the positive equilibrium, when it exists, of system
(3.1) and denote this equilibrium by E ) (x5()), ...,z (A)) throughout this section. We
assume that F(y is unique if it exists.

Lemma 3.1 Suppose that A satisfies f;(0,\) >0 (i =1,...,n), and the two conditions
(i) lim fi(zi,y) = —o0
hold. Then the system (3.1) has a G.A.S. positive equilibrium Ey).

One can adopt the technique of Theorems 3.1 and 4.1 in [5] to prove this lemma, since
the system (3.1) is similar to that given by Eq. (3.4) of [5].

Lemma 3.2 Suppose the assumptions of Lemma 3.1 are satisfied, then every component of
the equilibrium E(yy of system (8.1) is continuous and strictly decreasing with respect to A
defined on the set D ={A>0: fi(0,A) >0 (i=1,...,n)}.

Proof. Let A\; and Ag be in D and ordered as A\; < Ag. Suppose that (ui(t),... ,u,(t)) is the

solution of the system (3.1) initiating at (x}(X2), ..., 2% (A\2)).
Now we rewrite the subcommunity equations (3.1) as

l’Z:E(l'l, ,l‘n;)\), 221, , n. (32)
The assumption (H3) implies the inequality

Fi(u1(0), ... ,un(0); A1) > Fi(x7(X2), ..., 2 (A2); A2) =0 (i=1,...,n),

which asserts that (uy(t), ... ,un(t)) is strictly increasing and converges to (z§(A1), ... , 25 (A1)
by applying Lemma 2.1. Consequently the order xf(A1) > 2} (\2) holds for all i =1,... ,n.
Therefore (z5(X), ..., x5 (N)) is strictly decreasing.



Next we will show the continuity. Let

7 (A) = Epy(21(), -5 23, (N)

rrn

be a positive equilibrium of the system (3.1). For a function defined by

vi(a,z*) = ax} fi(ax], \) — ea;hi(ax)) + ¢ Z pjicih;(a;),
J=1, j#i

we have

i
Oa

(0,2%) = xf fi(0,\) — zfeqy + ¢ Z PjiCy T

J=1, j#i

Since 0 < e < min (fi(0,X)/cv;), we obtain

D
a—i(o,x*)>0 for i=1,...,n.

Hence, there exists a positive ag which gives ¢(a, z(\)) > 0for 0 <a <agp, i =1,... ,n.
Since 0f;/0x; < 0 and hj is bounded, the equation lim fi(z;,y) = —oo yields that there

exists a positive by which derives
wi(b,x*) <0 for b>by (i=1,...,n).
Henceforth we obtain

E(aol'){()\>, s ,CL()JZ'* ()\)7 )\) > 07 E(b()l'}{()\% s 7603:* ()\)7 )‘> <0

n n

and
apx;(A) < zi(A2) < xf (M) < box(N)

fori=1,...,nand \; <A < A Let @; = aoz?(\) and b; = bez*(\) (i = 1,... ,n), and
introduce a point-set E of R’} as

E:{(Jfl,... ,xn):di<xi<3i,i:1,... ,n,}.

Then it is easily verified that E is a positive invariant of the system (3.1).

Let x(t; xo, A) be the positive solution of (3.1) initiating at @,. Since (3.1) is autonomous,
it is easily shown that (zf(A\*),...,z;(\*)) is uniform attractor of the positive solutions of
(3.1), where A = A*. Consequently, for any § > 0, there is a 7" > 0 such that any solution
x(t; xo, A*) of (3.1) starting with @y € F lies in the S-neighbourhood of (x}(A*), ..., xk(\*))
fort > T.

Furthermore, one can choose a positive ¢ such that (7, ¢, A) lies in the (23)-neighbourhood

of (x1(A%),...,z5(A*)) when |A — X*| < 4, for the solutions depend on the parameter A con-
tinouously. As a result, (z3(A),...,25(N)) lies in (20)-neighbourhood for |\ — X*| < §. This
proves that the zf(\) (¢ = 1,... ,n) are continuous with respect to . ]
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Lemma 3.3 Suppose the assumption (ii) of Lemma 3.1 are satisfied and the following con-
ditions hold.

(1) —s(0) + Zcipi(x;*((])) > 0;

(2) there exists a positive \* satisfying

in f(0,0) >0 and  lim {-s )+20i3(3:i()\ N} < 0.
Then there exists a unique positive equilibrium (eq, ... ,ent1) of system (2.3) with 0 < e <
1r£11<n (fi(0,A") /) in the region 0 <y < A*.

Proof.  As is described at the beginning of this section, the positive equilibrium of the
system (2.1) can be determined by the following system of equations:

Hi(xy,...,2p,y) =0 (i=1,...,n), and y=1u(x,...,x,), (3.3)

where H;(x1,... ,2n,y) = x;fi(zi, A) + SZpﬂ&j (xj). Since fi(0,y) > 0 for 0 < y < \*

.,n), Eq. (3.3) has a unique solutlon (xi(y),..., zi(y)) when 0 < y < A* and

n

(1 =1,
0<e< 1rgun (fi(0,\")/c;). Due to Lemma 3.2 z}(y) is strictly decreasing with respect to
y for every i. Therefore the function G(y) = y — ¥(23(y), ... , x5 (y)) is strictly increasing.

The inequalities G(0) < 0 and limy_ +_o G(A) > 0 imply the unique existence of the positive
solution for G(y) = 0 not exceeding A\*. ]

4 Criteria for Stability

The main purpose of this section is to show under which conditions the system is permanent
and the positive equilibrium of system (2.1) is globally asymptotically stable.

Theorem 4.1 Let the equilibrium E of the system (2.3) exists uniquely, and Eoy(x5(0), ... ,2%(0))

r'n

is G.A.S. in the z-space. Then the negativeness of d = d(e) defined by (2.4) implies the limits
tl}inoo zi(t) =27(0) (i=1,...,n) and tginooy(t) =0.
Proof. Consider the system
jl'i < Jl'zfz(l'z, O) + SZpﬁOéjhj(l'j), 1= 1, e, n, (41)
j=1

and compare this with

0 = vifi(0i,0) + ) _priaghy(vy), i=1,... ,n. (42)
=1



Since the solutions of system (4.2) tend to Ejg) as t — oo by the hypothesis, there exists a
positive T' giving the inequality

zi(t) <z;(0)+d for ¢t>T.
Choose 6 > 0 so small that the inequality —s(0) + Zczpz(xf(()) +0) < 0 holds. Then we
i=1
have y < y[—s(0) + ZCz‘Pz‘(in(t —171))] <0 for t > T + 7. This completes the proof. i
i=1

Theorem 4.2 Suppose d(¢) > 0. Then the system (2.1) exhibits permanence.

Proof. At first, we show the positive solutions of system (2.1) are eventually bounded. Since
the solutions are positive and we assume (H3), we have

#i = wifi(riy)+eY_piiashi(z;)
j=1

< xzfz(ngo) + SijiOéjhj(l'j). 1=1,...,n.

J=1

Comparing this system with

n

Bi = 2 fi(w:,0) + €Y _puoghs(ay), i=1,...,n,

J=1

we can find (by,...,b,) with positive b; (i = 1,...,n) which gives upper bound of any
positive solution (z1(t),...,z,(t),y(t)) of system (2.1) as z;(t) < b; (i = 1,...,n) for
sufficiently large ¢t. This can be seen though the proof of Lemma 3.2 by letting, for example,

Henceforth the first n components of positive solutions of system (2.1) are eventually
bounded, and thus, the sum of ¢; P,(z;(t — 7)), (i = 1,... ,n), is eventually bounded as well.
By (H5), there exists & > 0 such that y(t) < k for all sufficiently large ¢. Therefore the
positive solutions of system (2.1) are eventually bounded.

Secondly, we show uniformly persistence of the system. Let

Cl = {C:(Oa"'707Cn+1)ec+};
02 = {C:(Cla"'aCnao)ec+}'

And let C* = Cy U Cy, by Theorem 4.1 in [8], and adopting the technique of Theorem 1 in
[24], we can know C* is a uniform repeller. Therefore, there exists a d; such that for any
positive solution (ui(t), ..., un(t),v(t)) of system (2.1), v(t) > &; for all sufficiently large ¢
and {u1(t),... ,u,(t),v(t)} lies outside of the region

{(z1,...,an,y) €RY 1 0<2; <dp,i=1,...,n},



when ¢ is sufficiently large.
Without loss of generality, we can assume that there exists an integer m; (1 < my < n)
satisfying

OSJZ’ZS(SZ, izl,...,ml
5j§xj§bja j:m1+17'-'7n7
0<y<k,

with positive 6; (i =1,... ,n).
Then we have

b= wifi(wiy) — caihi(ws) + €Y _pjichy(;)
i#
> wifi(ziy) —cashi(w) +¢ > piiashi(6;),
j:m1+1

fori=1,...,m;. B
Since there exist o and ¢, satisfying both conditions

1 < .
hz(l'z) < 2%y Z pjiOéjhj((Sj) for 0< T < 51 , 1= 1, oo, My,
Jj=mi1+1
and
fz(xuy)>0 for 0<y§_i: ngiggi:izla"'amla
by putting
0; = min(d;, 07),
we obtain
. E _ N
Ti > 5 | Z pﬁozjhj(sj), if 0< T < 51
Jj=mi1+1
Therefore the positive solution (ui(t),... ,u,(t),v(t)) can not enter into the region
{33' S R:—I—l’ 0<z; < (SZ,(Z =1,... ,ml),
(Sj Sl’j Sbj,(j:ml—i‘l,... ,n),
0<y<k},

when ¢ is sufficiently large, for any m; (1 <m; < n).
The above discussion leads to the

w;(t) > 9;, forall larget and i=1,...,n,

which completes the proof. 1
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Theorem 4.3 Provided that we have the following conditions

(a) d(e) >0,

(b) fi(0,h) >0, fori=1,... ,n,0<e< 1I§?n(fi(0’ h)/a;), where h = ¥ (x3(0), ... ,x5(0)),
(&) lim_filriy) = o0,

then the system (2.1) has a unique positive equilibrium (e1, ... ,€ni1).

The proof can be obtained by the technique of Theorem 2 in [24].
And Theorem 3 and Corollary 4 in [24] readily yield the following two results of this
section.

Theorem 4.4 Under the assumptions of Theorem 4.3, the positive equilibrium (e, ... ,€ni1)
18 absolutely globally asymptotically stable, provided that

olo(y)) <y for enp1 <y<h, (4.3)

where o(y) = Y(xi(y), ..., 25 (y)).

Corollary 4.1 Suppose the assumptions of Theorem 4.4 are satisfied except that the condi-
tion on o is replaced with

—1<0o'(z) <0 forall z € (0,h].

Then the statement of Theorem /.4 remains valid.

5 The special case of linear h;(z;)

In this section, we deal with the special case that the h;(z;) are linear. Then the system
(2.1) can be converted to

T; = xifi(xiay>+gzpjiﬁjxja
j=1

= y<—s<y>+zcizz<xi<t—f>>>.

We show that the theorems of the previous section are valid without the requirement of the
assumption for € and the assumption (ii) in Lemma 3.1.
When y(t) = A, the function ¢; in the proof of Lemma 3.2 can be simplified as

(5.1)

pi(a, &) = ad;f;(adi, \) + ae Y _p;iBid; = adi(fiads, N) — fi(di, N)).

j=1

11



Since Jf;/0x; is negative, and f;(x;, ) is a decreasing function of z;, we can get
vi(la,z) <0 for 0<a<l.
On the other hand, we have
vila,z) >0 for a>1.
Therefore we can assert
Fi(azy,...,a2,,A) <0 for 0 <a<1 and Fi(aZy,...,aZ,,A) >0 for a>1,

where F; is defined by (3.2).

Due to Theorem 4.4 in [4], the equality det P = 0 implies that the system (3.1) has
an equilibrium, which is shown to be A.G.A.S. by Theorem 6.1 in [5]. Therefore, applying
similar techniques in the proofs of the theorems of the present paper, we can obtain the
following.

Theorem 5.1 Ifdet P = 0, d(¢) > 0 and the condition (4.3) hold, then the system (2.1)
with linear hi(z;) (i =1,...,n) has a unique A.G.A.S. equilibrium for all £ > 0.

Remark 5.1 In the case of linear h;(z;), the assumption of the uniqueness of E(,) in Section
3 can be relaxed, for Theorem 6.2 of [5] guarantees the uniquness as an automatic consequence
of the linearity.

Remark 5.2 Consider the case that when any member of the prey leaves a given patch, it
successfully reach a new patch in the environment. As described in [11], the case is observed
in the mite dispersal on strawberry patches. Then the condition det P = 0 is always satisfied,
since Z?:Li 4 Dji = L. Hence the assumptions of Theorem 5.1 can be simplified.

6 Concluding remarks

We have analyzed a predator-prey system with time delay and dispersal among n patches
in a heterogeneous environment. The barriers are considered only for the prey, but not
for the predator, between patches. Furthermore, we have assumed that there is a positive
probability that any member of the prey, who leaves a given patch, may not reach safely
any other patch in the environment. Criteria for permanence and extinction are presented.
Conditions, under which the positive steady state is absolutely globally asymptotically stable,
are obtained by the continuity and monotonicity of the subsystem of the preys. Furthermore
we have obtained criteria for the equilibrium to be absolutely globally asymptotically stable
in the case that the dispersal is linear.

Theorem 4.2 may be regarded as an extension of similar results in [5] and [24]. In the
former they show the persistence of the system without delay term, which means that each
component N (t) of the system satisfies liminf; . N(¢) > 0, when N(0) > 0. The latter
considered a model in a two-patch environment and with time delays. Since we deal with
the delay in the system, the system (2.1) is obviously more general than either in [24] or in
[5].

Mathematically, we can further assume that there are barriers against predator dispersal
among patches. We leave this to future studies.
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