Elsevier Editorial System(tm) for Journal of Computational and Applied Mathematics
Manuscript Draft
Manuscript Number:
Title: Staggered Runge-Kutta Schemes for Semilinear Wave Equations
Article Type: Research Paper
Section/Category: 65L06
Keywords: Explicit time integration; Staggered Runge-Kutta schemes; Convergence; Stability Analysis
Corresponding Author: Mr Daisuke Murai,
Corresponding Author's Institution: Nagoya University
First Author: Daisuke Murai

Order of Authors: Daisuke Murai; Toshiyuki Koto, Engineering



Click here to view linked References

Staggered Runge-Kutta Schemes for Semilinear Wave
Equations

Daisuke Murai®, Toshiyuki Koto®

®Graduate School of Information Science, Nagoya University, Furo-cho, Chikusa-ku,
Nagoya 464-8601, Japan
b Department of Information Systems and Mathematical Sciences, Nanzan University, 27
Seirei-cho, Seto, Aich 4/89-0863, Japan

Abstract

A staggered Runge-Kutta (staggered RK) scheme is the time integration
Runge-Kutta type scheme based on staggered grid, which was proposed by
Ghrist and Fornberg and Driscoll in 2000. Afterwords, Vewer presented
efficiency of the scheme for linear and semilinear wave equations through
numerical experiments. We study stability and convergence properties of this
scheme for semilinear wave equations. In particular, we prove convergence
of a fully discrete scheme obtained by applying the staggered RK scheme to
the MOL approximation of the equation.
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1. Introduction

We consider initial-boundary value problems of the form

0%u

w:DAu—i-g(t,x,u), 0<t<T, z€q,
dyu=p(t,z), 0<t<T, z€IQ,

u(0, ) = ug(x), %(O,x) =uwv(z), €l
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Here u(t,z) is an R-valued unknown function, €2 is a bounded domain in
Ri, i = 1,2, 3 with the boundary 99, A is the Laplace operator, D is a pos-
itive constant, and g¢(z,t,u) is an R-valued given function. Also, ®; is a
boundary operator and ug(z), vo(z), ¢(t,x) are given functions.

Many important wave equations, such as the Klein-Gordon equation (see,
e.g., [10], [19]) and the nonlinear Klein-Gordon equation (see [17]), are rep-
resented in this form. To apply numerical schemes, we may use the form

0 0
dyu=p(t,z), 0<t<T, z€0IQ, (1)

uw(0,z) = up(x), v(0,2) =uve(x), =€l

A well-known approach in the numerical solution of wave problems in partial
differential equations (PDEs) is the method of lines (MOL) (see [12]). In
this approach, PDEs are first discretized in space by finite difference or finite
element techniques to be converted into a system of ordinary differential
equations (ODEs). Let €, C Q be a grid with mesh width h > 0, and V}, be
the vector space of all functions from €2, to R. An MOL approximation of
(1) is written in the form

dugt(t) _ Uh(t), d’l};t(t)
Here uy, vy, are approximation functions of w and v such that wy(t), v,(t) €
V), for t € [0, T], Ly, is a difference approximation of A, g, is a function from
0, T] x V, to Vj, defined by g3, (t, up)(x) = g(t, x,un(t)), © € Qp, for t € [0, T,
up, € Vi, and @y (t) is a function determined from the boundary condition.
In order to get the stable numerical solution of (2), Ghrist et al. introduced
time-staggered schemes which is based on the idea of the staggered grid.
The staggered grid is used to get explicit stable schemes in many fields. For
example, the FDTD scheme (see [18]) in the electromagnetic field analysis
and the SMAC scheme (see, e.g., [3], [9]) in the fluid calculation use stag-
gered grid in space discretization. To the contrary, Ghrist et al. [5] consider
staggered grid in time discretization and introduced the staggered Runge-
Kutta (staggered RK) schemes. In particular, they proposed a forth-order,
explicit, staggered RK scheme (RKS4) and studied stability and convergence
of staggered RK schemes applied to ODEs. Vewer. (see, [15], [16]) presented
efficiency of RKS4 for linear and semilinear wave equations through numeri-
cal experiments. As is well known, RK approximations for PDEs suffer from

= DLpun(t) + ¢n(t) + gn(t, un(t)). (2)

2



order reduction phenomena. That is, the order of time-stepping in the fully
discrete scheme is, in general, less than that of the underlying RK scheme
(see, e.g., [8], [11], [14] on order reduction phenomena of RK schemes in the
PDE context). Vewer observes the order of RKS4 is three, while that of the
classical RK scheme is two. He also gives an analysis of this phenomenon.
In this paper, we study stability and convergence of staggered RK schemes
for (2). Specifically, we introduce a new stability condition which guaran-
tees the boundedness of numerical solutions and prove convergence of the
schemes.

The paper is organized as follows. In the next section (Section 2), we in-
troduce some notation, including the form of the staggered RK schemes.
In Section 3, we prove a theorem which describes the boundedness of the
numerical solution. In Section 4, we prove a theorem which describes con-
vergence of the scheme applied to (2). In Section 5, we estimate the order of
convergence by using a numerical experiment.

2. Preliminaries

Let 7 > 0 be a step size. We define the step points ¢, = n7, t,, 10 =
(n+ 1/2)7 for integer n > 0.
As [5], for positive integer s, a staggered RK scheme for ODEs of the form

u = f(tv)
{v/ = g(t,u) 0<t<T, u,velR (3)



is given as
Un+1/2,1 = Un+1/25

Upi = Up, + TZ bi’jf(tn_t'_l/Q + €;T, vn+1/27j), i=1,---,5—1,
j=1

i—1 (4)
Un+1/2,i = Un+1/2 +T Z ai,jg(tn + C;T, un,j)v 7 = 27 cee LS,
7=1

S
Unir =ty +7 > dif (byays + €7, Vni1/24);
=1

/ —_
Upt1,1 = Un+ls

i
! / ! ! .
Uhi1j2i = Untlj2 + T E b ig(tnsr + €50y, ), i =1, s — 1,

j=1
. i—1 / / / . (5)
Upyri = Unp1 + T g ;i f (tny12 + 6T, Uhirjag)s =2, 5,
j=1

S
! / /
Un43/2 = Unt1/2 + T E dig(tni1 + €T, un—i—l,i)
i=1

and the abscissae

A i
/ / .

C;, = E bi,ja Ci: E biJ,Z:l,...,S—l,
Jj=1 J=1
i—1 i—1

_ ! ! s 2

ei— ai7j, 6Z— CLiJ, 1 = 7...,8.

Jj=1 J=1

Here a;j, bij, a;;, U, ;, ci, ¢, diy di, e;, e; are coefficients, e; = e} = 0,

, ] . : .
Uniy Vnt1/2,i5 Unyigs Upgrjo; 1€ intermediate variables, u, and v,11/2 are

(6)

approximate values of u(t,) and v(t,41/2), respectively.

We describe the algorithm of the staggered RK scheme. In the first step, we
calculate u; from wug and v/ by (4), where vy, is produced by given initial
values ug(x) = ug, vo(x) = vg, = € ) and using the Runge-Kutta scheme.
The next step, we calculate vs), from v1/, and u; by (5). By this way, we
calculate up,y1 from w, and v,41/2 by (4), and v,13/2 from v,11/2 and v,
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Up ——> Upt1 ...  u(t)
i T / l \ Py ;t

\ 4 N >

4
Un+41/2 ———— Un43/2 o(t)

Figure 1: The approximation values of staggered RK schemes

by (5).

Fig.1 shows this process. The solid arrow describes the process of calculating
uny1 and the dashed arrow describes the process of calculating v,y3/5. All
the approximate values are calculated explicitly.

We introduce some notation. The m x m identity matrix will be denoted by
I,,. We use the standard symbol 1 = (1,---,1)T € R®.

To estimate stability of the scheme, we use the following linear test equation:

u'(t) = v(t)
{ V() = —wu(t) @ @SR @)

with Rsg = {z;2 > € R}.

x>0,z
Applying (4)-(5) to (7), we get
Vitije = Wnp1/2 — Tw? AU,
Un = 1up + 7BV, 419,
Ups1 = Up + TdVi 112,
Upgr = Ypin + TAV o,
V71+1/2 = 1Up412 — Tw?B'U. 4,

2 377!
Un43/2 = Upq1/2 — TW d Uni1s



where

T
bl,l dy
a9 1 0 O b2,1 b2,2 ) dy
A= : : ’ - : : ’ d= : ’
Qg1 A s—1 0 bs,l bs,2 e bs,s ds
T
/ !
0 b171 dl
/ / / !
a 0 @) b b @] d
2,1 2,1 Y22 2
/ ) / ) )
A - -, .. ) B - . ) d - : Y
/ / / / / !
Ag1 0 Qgs1 0 bs,l bs,2 e bs,s ds
1% = T u,= r
n+1/2 = (Un+1/2,17 Un+1/2,2," " Un+1/2,s) y Un = (Un,l, Un,2, ) Un,s) )
/ o / / ! T
Vn+1/2 = (Un+1/2,17 Unt1/220 "7 Un+1/2,s) 3
/ o / / / T
Upi1 = (Un+1,1a Upt1,20 " s Un+1,s>

Eliminating V,41/2, Uy, U}, and Vrﬁ+1/27 we can rewrite (8) as

)6 () o

Un+1/2
For 6§ > 0, R(#) is given by

R(6) = < 14+r(0)1 r1,2(0)1 > (10)

7"/172(9)1(7’1’1(0)1 + 1) 1+ Tig(&)lrlg(@)l + 7’/1’1(0>1
with

r11(0) = —0%d(I, + 0?AB) ™' A,

r12(0) = 0d(I, + 0°AB) ™,
r.(0) = —0°d (I, + °A'B) A,

rho(0) = —0d' (I, + 6°A'B') ™.
Noticing (2AB)* = O and (0*A’'B’)* = O, we get

—_

S—

s—1
(I, + 60’AB)™' =Y (—0°AB)’, (I, +6*A'B')™' =) (-0°A'B')’

1=0

I
=)

i



with (—02AB)? = (—6?>A’B’)? = I,. Then we rewrite the coefficients in (10)
as

ﬁJw):dﬁipﬁ%H%AByA, ﬁgw):dﬁipﬂ%mQUﬂa
o S (11)
Ha(0) = &' Y (O ABYAL 1 ,0) = ~d' S (~8) (A B

Let Ay = A+ () be the eigenvalues of (10). We know these eigenvalues are
roots of

A= (24 711(0)1 + 71 (0)1 4 7r12(0)1r] ,(0)1)A
+(1 + 7"171(9)1)(1 + 7‘/1’1<0)1) =0.
Under this notation, we define the stability interval of the scheme.

Definition 1. The stability interval S of a staggered RK scheme (4)-(5) is
defined by a connected closed interval of {0;|A\L(0)] < 1, 6 > 0}, which
includes 0.

(12)

The simplest example of staggered RK schemes is the (staggered) leapfrog
scheme (see, e.g., [15])

Upt1 = Up + Tf(tn+1/2> 'Un+1/2)7
Un43/2 = Unt1/2 + Tg(tns1; Unt1)-

This scheme is of order 2 for ODEs. In this case, the scheme for (7) is reduced
to (9) with

7’171(6)1 = 7’/171<0)1 = 0, 7’172(6)1 = 0, 7’172(6)1 = 0. (14)

Substituting (14) into (12), we get A> — (2 —60*)\+1 = 0. Since the discrim-
inant of A2 — (2 — )X +1=01s D(0) = (2 — 6?)*> — 4, it is easy to see that
|IA+(0)| < 1iff D(A) < 0. S is estimated by using the smallest positive root
of =2=2—-6%1ie. S=10,2]

RKS4 is another example of staggered RK schemes (see, [5]). This scheme
is given by taking

(13)

0 0 00 0
A=A=|-100|,B=B=[10 07d:J:<E7i’i>.
- 00 o 12 24 2

(15)



This scheme is of order 4 for ODEs. In this case, the scheme for (7) is reduced
to (9) with
6 03

7'1’1(9)]_ = 7’/171(9)1 = O, 7"1’2(0)1 =0 — ﬁ’ 7“172(6)1 = -0 + ﬂ (16)

Substituting (16) into (12), we get
v—{a—(6-6°20)"}r+1=0.

In [15], S is estimated by using the smallest positive root of —2 =2 — (9 —
6°/24)%, ie. S = [0,2(2"/3 + 2%%)].

3. Stability of staggered RK schemes

We use (9) to estimate the stability of the staggered RK scheme. In
order to prove convergence of the staggered RK scheme in the next section,
we have to evaluate ||R(0)"||2 of (10), where || - ||2 is the Euclidean norm on
R? and the corresponding operator norm for 2 x 2 matrices. To accomplish
this evaluation, we define another stability interval.

Let 79 > 0 (7 € S) be the smallest positive root of

D(0) = r12(0)17] 5(0)1{r12(0)17] 5(0)1 44} = 0. (17)

By using this vy, we define another stability interval S = [0,7). It is easy
to see that S’ is a subset in S. We prove the boundedness of ||R(0)"]|> by
using following hypotheses for the staggered RK scheme (4)-(5):

(H1) For 0 € 8", 0 < =11 5(0)1 < r12(0)1 < —or 5(0)1.

(H2) For 0 € S, D(0) < 0.
(H3) The polynomials r11(0)1 and 77 ,(6)1 are 0.
)

(H4) The following order condition holds: d1 = d'1 = 1.

The leapfrog scheme (13) and RKS4 (15) satisfy these hypotheses. Substi-
tuting (14) into (17), we can take 79 = 2 and S’ = [0,2) for the leapfrog
scheme. By (14), the leapfrog scheme satisfies (H1)-(H3). (H4) is checked by
using (13). Similarly, we can take v, = 2v/6 and S’ = [0, 2\/6) for RKS4, by
substituting (14) and (16) into (17). By (16), RKS4 satisfies (H1)-(H3). By
(15), (H4) holds.



Theo/rem 3.1. Letv. > 0 be v. < yo. Assume that the coefficients a; ;, a; ;,
b j, b

i Cir Gy diy diy e, € in (4)-(5) satisfy (H1)-(H4). Then, there is a
positive constant C' such that

1R(0)"]]: < C (18)
holds for any 0 < 0 <. and n € N. Here R(0) is the matriz of (10).

Proof. By (H3), we can rewrite

1 7“172(0)1
R(6) = <r1,2<e>1 I +m,2<e>1ra,2<9>1> ' (19)

If 6 =0, R(0) is the identity matrix. Then (18) holds for C'= 1. Let § > 0.
We can diagonalize (19) as

ro) =) (M7, ) e (20)
Here
NI E: 7”172(9)17“’1722(9)1 £ /D0 o
. 1 )\+ — (1 + 7’1’2(0>17’/1,2(8)1) )\_ — (1 + 7’1,2(9)17’/1’2<8)1)
Q) = o ( o (0)1 7 a(0)1 ) :

L (@1 A (L ra(B)1r 4 0)1)
Q) = (—ra,2<9>1 A+—<1+m,2<9>1ra,2<9>1>)‘

Since 6 € S, we have |A\L| < 1. By (H2), the adjoint matrices of Q(#) and
Q(0)~! are

. 1 Al = (14 712(0)1r] 5(0)1) 7] ,(0)1
Q) W ()\+ — (T +712(0)177,(0)1) Ti,2(‘9)1) ’
.1 ) 4(0)1 —r12(0)1
(QO))" = A=Ay ( Ap 4+ (T+r2(0)171,(0)1) A — (1+ 7“1,2(9)17"1,2(9)1)) .
Putting

a(f) = {A- — (L +ri2(0)1ro(0)1) A+ — (1 +r12(0)1r 5(0)1)},
be(0) = { s — (1 +712(0 )17y 2(9) )}2 + (r) 2( )1)27
c(0) = —rio()1{ s + Ao —2(1 4+ 112(0)1r7 5(0)1) },



we have

b+ a(9) + (7’1,2(9)1)2> ’
QEOQO) ) = 5 (Mé )

Then, the eigenvalues of Q(0)*Q(#) and (Q(6)~1)*(Q(#)~') are
a(0) + (11 5(0)1)* £ \/b_(0)by ()
Uﬁ@)V ’
GROINESVUORNGE — 4a(0) (1} 5(6)1)? + c(0)?
—{A—-—M}2

respectively. Putting
a(f) = —r12(0)1r 5(0)1 + (7 5(0)1)7,
B(0) = ri2(0)L(Ay — A-)i, (22)
these eigenvalues are rewritten as
a(0) £ /a@72 — g (r2a(0)1)? {a(f)) +\/a(0)” - ﬁ(f))?}
(r21(0)1) ’ 3(0)? ’
respectively. Then, by (20), we have

IRO1L < Q) Q@) ], = | <28

Substituting (21) into (22) and using (H1), we have
'_ [71,2(0)1 = 715(0)1]
B =1 a(0) 112 (0)1(r12(6) 17 ,(0)1 + 4)
(1+10)r12(6)1
~ rha(B)1/ria(0)1r 5(6)1 + 4

10



for any 6 € [0,7.]. By (H1) and (H2), we get —4 < 715(0)1r],(6)1 < 0.
As 712(0)1r75(0)1 is a polynomial of 0, there exits a minimum value of
71,2(0)177 5(0)1+4 in [0,7.]. Let 71 be the value of 6 that gives the minimum
value of 71 5(0)177 5(0)1 + 4. We get

@(9)‘ < I+ .
T V/ra(n) ()1 44

2(1 + )

Then, this, together with (23), gives (18) with C' =
\/7"12 JArg (1)1 +4
UJ

1.

4. Convergence of fully discrete schemes
We assume the following hypotheses for Ly:

Ly, is a negative definite symmetric matrix.

There exits hg > 0 and C3 > 0 such that any eigenvalues of Ly is less
than —Cj5 for any h < hy.

Form these hypotheses, we can take a positive definite symmetric matrix W),
satisfying —DL;, = W72; Any eigenvalues of W, ! is less than 1/4/DCj3 for
any h < hg.

Using W}, we can rewrite (2) as

20 e, MO — )+ u0) + (). (29)
In this paper, || -||w, denotes a discrete energy norm (see, e.g., [1], [2]), given
by
1, vi) [y, = Waun|[* + [[oa][* for any up, v, € VA, (25)
where || - || denotes the discrete version of the Ly-norm in Vj,, given by
lunll* = h Y {(un)e}

zEQ

and the corresponding operator norm for m x m matrices with m = dimV,.
We define the spatial truncation error «y(t) by

an(t) = v, (t) + Wiun(t) — on(t) — gn(t, un(t)), (26)

11



where uy,(t), v,(t) are Vj-valued functions obtained by restricting the vari-
able x of the exact solutions u, v onto £2p,.
By applying (4)-(5) to (24), we obtain the following scheme for the problem
(1):
Vg2 = Vo410 + TA{-W2U, + ¢n(ts) + gn},
Un = 1/’U,n -+ TBWL+1/2,
Up+1 = Uy + 7_d‘/n+1/27
U, =1u, i+ TA/‘/TZ+1/2,
/ -1 / 27 7/
i1z = Vvngip + TB{=W U, 1 + @n(tni1) + gni1},
Uiz = Vpyrjo + Td{=WZU] | + @n(tni1) + Gni1}-

(27)

Here 1’ denotes 1 ® I,,, for 1 = (1,--- ,1)T € R?,
A=A®I,, B=B®l,, d=d®l1,, A=A®I,, B =B ®I,,

_ (T T T T _ T T T \T
‘/n+1/2 - (Un+1/2,17 vn+l/2,27 T 7vn+1/2,s> ) Un - (un,l7 Upoy 7un,s> )
/ - /T 1T /T T
Vn+1/2 = (v n+1/2,10 UV nt1/22,° 7V n+1/2,5) )
/ o 1T /T /T T
U, = (u nt1, s Wppr12, U n+1,s> )

@n(tn) = (n(tn1)" onltn2)", +  onltns)")", d =d @ Iy,

gn = (gh(tn,la un,l)T7 gh(tn,27 un,2>T7 e ;gh(tn,sa un,s>T)T7 Wh = Is & Wh
with @ standing for the Kronecker product (see, e.g., [4]), Wni; Vns1/2,6, Up 114
and U;LH/M are intermediate variables, ¢, ; := t, + ¢;T, tpy1j = tpy1 + 7,
u,, and v,,;1/, are approximate values of wu(t,) and vp,(tn41/2), respectively.

For some s-dimensional vector @ = (ay, -+ ,as)?, we define a’ = (at,--- ,a’)T.

» s

In addition to the (H1)-(H4), we assume the following hypothesis for the
staggered RK scheme (4)-(5):

(H5) The following order conditions hold:

(A1)? + A1 = 2AB1, (B1)> — B1 = 2BA1,
(A1) + A1 =24'B'1, (B'1)> - B'1 =2B'A'1,
dA1 =dA'1=0.
The leapfrog scheme and RKS4 satisfy (H5), which is checked by (13) and

(15).
We assume the following condition which gives the restriction for 7 and h.

12



(H6) 7p(Wy) € S'. Here p(W) is a spectral radius of W,.
We put the coefficients of (4)-(5) as

_ 4(A1)° +6(A1)* +3(A1)  A(B1)®

¢ 24 2
4(B1)®> — 6(B1)*+3(B1) B(A1)?
= 24 2
, A(A1)P+6(A1)24+3(A'1)  A(B'1)?
¢= 24 2 7
. 4(B'1)}—6(B'1)2+3(B'1) B'(A1)?
= 24 BECE

Moreover, we assume the following condition for the problem (1):

The exact solution u(t, x) is of class C* with respect to ¢, g(t,x,u) is of class
C? with respect to ¢, u and (each component of) the derivative dg/0u is
bounded for (¢,z,u) € [0,7] x Q x R.

For simplicity, we consider a step size of the form 7 = T/N with positive
integer N. Then, we have the following theorem.

Theorem 4.1. Assume that the coefficients a;;, a;;, bij, b ;, ¢i, ¢, di, di,

e;, €, in (4)-(5) satisfy (H1)-(Hb5) and T satisfies (H6). Then, there is a

positive constant Cy such that

4 =G (7 s lan(ol) 29

T
H(Un — up(ty), Vnt1/2 — Vn(tas/2)) ‘

holds.

Proof. Put

ne1/2) = (On(tngrjo1) " Onltngrja2) s o On(tngryas)”)’
) (’LL ( n 1)Ta uh(tn,Z)Ta e 7uh(tn,s)T)Ta

(t, +1/2) ('Uh(tn+1/2,1)Ta vh(t;+1/2,2)Ta T 7Uh<t;z+1/2,s)T)T,

w(tn) = (gn(tn1, un) ,gh(tn,z,uh)T,“' 7gh(tn,sauh)T)T

(¢
(t

SSS

Q

Y

where tn+1/2,j = tn+1/2 + €;T, t;z—l—l/Q,j = tn+1/2 + 697', j = 1,' e, S, Re-
placing U, U, |, Voi1/2, Vr:+1/2> u,, and v,;1/2 in the scheme (27) with

13



Uh(tn)a Uh(tn+1)7 ‘/h(thrl/Q) WL( n+1/2) uh(tn) and vh(tn+1/2)v we obtain
the recurrence relation
Vi(tnt1j2) = Vop(tnir2) + TA{=WZUL(t) + @n(tn) + gn(tn)} + Tuyrj2,
( ) - 1uh( )+7—B‘/h( n+1/2)+rn7
Up(tny1) = up(ty) + 7dVi(taia/2) + pn,

+1)
Un(tns1) = Vup(tns) + TAVi(t n+1/2) + o1,

Vi(t n+1/2) 1oy (t n+1/2> +7B'{~ Wh Up(tni1) + @n(tnir) + gntns) ) + Tn+1/2u

Vn(tnyss2) = On(tns1y2) + 7d{=WiUp(tni1) + @n(tns1) + Gn(tns1)} + posiye

(29)
with the residuals
T T T
Ty = (T:,lﬂ"g,m T J{S)T’ r;z+1/2 = (T,n+1/2,17 T,n+1/2,2’ T 7T/n+1/2,s)T7

pn and p,i1/2. By (6), (26), (H4) and (H5), these residuals are expanded as

Tpt1/2 = TSCU;(;’) (tn+1/2) + T Aoy (tn) + 0(74)7
r, = 737711,513) (tn) + O(Th),
3

P = % (1_12 — d(A1)2) w (t,) + O(r"),

Papn = 7°C U (tasn) + O(74),
Thiis =71 U;(z )(tn+1/2) + 7B ay(tye1) + O(77),

™1
Pri1jz = & (E - d/(A/1)2) O (tpy1ja) + 7d ap (tny1) + O(7h).
Here
ah(tn) == (ah(tn,l)T7 ah(tn,Q)Ta e 7ah(tn,s)T)T7

C:€®Im; 77:77®]m; C,:C/®Im7 ”7/=nl®fm,
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O(7*) denotes a term whose component for each z € €, is of O(7*). Sub-
tracting (27) from (29), we obtain

Oni12 = Veng1yo — TAWES, — gu(tn) + gn) + Tnt)a,
5n = 1I8n -+ TB(sn_H/Q + Tn,
Entl = En T+ 7-d(er»l/Q + Pn;

/ / I
01 = Leni1 +TAG 15 + T,
!

’:1—1—1/2 = 1/5n+1/2 - TB,(WhQ n+l n(tni1) + Gny1) + 7“;1+1/2a
Entsjz = Eng12 — T (W8, — gn(tnsr) + Gni1) + Pot1s2.

Here
Ont1/2 = Viltnt172) — Varij2, 0 = Up(ty,) — U,
’:z—l—l = Uh(tn+1) - U7;+17 ;+1/2 = Vh(t;wrl/z) - VZ+1/2

for the errors

En = uh<tn> — Up, 5n+1/2 = vh(tn+1/2) - vn+1/2-

Let J, be J,, = diag(Jn1, Jn2, -, Jns) and J,; be a function from €2, to R

whose value for x € ), is
1 ag

o Ou

Jm(x) = (tn,i7 Z, (]_ — Q)UM(x) + Ouh(tnvi, I))d@

By the assumption that dg/0u is bounded, there is a constant ~3 such that
|| Jn.iv]| < sllv]| for any v € V4, (31)
where the multiplication J,, ;v is component-wise for € €)j,. Then we obtain

Oni12 = Veniip — TAWS — J,)8, + Ty o,
5n = ]_,6” + TB(sn+1/2 + T,
Entl = En + 7—d(sn—s—l/2 + Pns
01 = Ven i +7AG o+ 7ot
;1+1/2 = 1/5n+1/2 - TB/(WhQ - Jn+1>5:1+1 + "“;L+1/27

Ent+3/2 = Ent1/2 — Td,(W}? - Jn+1)52+1 + Pnti1/2-

15



Eliminating 6,,, 8,41/2, 0 and d,,.1, we have

/
n+1/2

<Wh€n+1) - R, (Wh€n) M, <thn) '
En43/2 En+1/2 fn+1/2

Here

R _ ( I + Ry’ RV ) M- (

R, VR 11+ Ry ,1 Iy + Ry VR 51 + Ry 1
Ry, = —72d(I + T*A(W}? — J,)B) "A(W}? — J,),
Rio=71d(I + AW} — J,)B)"'W,,
Ry, = —m*d (W} = Jo )T + T?A'B' (W) — J 1)) A
Ry, =—1d(W; — Jo)I +T°A'B' (W) — Jp1)) ' W,
Whén = R1,1Wh’l"n + R1,27’n+1/2 + WhPm
Sni1/2 = R/1,2Wh"°n+1 + R/1,17';L+1/2 T Pnt1/2

with I = I, ® I,,,.

(32)

I, O
R, 1y, )7

(33)

In order to prove the convergence, we introduce new variables following [6]
and [15]. As in the proof of Lemma I1.2.3 in [6] and 5.3 in [15], we put

( Wh Vp,

Vnt1/2

) — (R(rW)) — Ioy) "M (W) (Zi/’/’;)

_ (1A I+ ABW ) W, W
[d(I + T2 AW2B) 1| W, e "Wy, )

Whén i Whéfn + Whl/n
én+1/2 En+t1/2 Vn+1/2 ’

(Whén> = M (7Wp) (Wh5"> _ R, (Wh”") + (Wh(”"“ - ””)>

Ent1/2 Ent1/2 Un+1/2

and rewrite (32) as

(Whéﬁ-l) - R (Whén) + (Whg’n) )
Ent3/2 " \Ent1y2 Ent1/2

16

Vnts/2 — Vn41/2

(35)

(36)



Here

I, O
MW = (g 1)

Withy = 111 (TWR)Wiry + r12(TWh)Thi1/2 + Whpn,
Uni1j2 = T o(TWR)Wirn i + 10 (TW)T 1 + P2,
Wié, = Rl,lwh'rn + Rl,anJrl/Qa

€n+1/2 = R;,21/Wh€n + R,1,2Whrn+1 + Rll,lr:z—l-l/Z'

(37)
(38)
R, is defined as TR, = R, — R(TW},), given by

R o _RLll/ _ _ _ R1’21/ _

"o R/LQ]-/RLI]-, + R/LQl/ R/LQ]_/RLQ]_/ + R/LQ]-/TI,Q(TW}I)]-/ -+ Rll,l]-/ '
Since AW?B = W?AB, AAB'W? = W2A'B', Ry;, R;, i = 1,2 are
written as

s—1
Ry =-7d) (1) {(r"W;AB - 7°AJ,B)' - ("W;AB)'} AW}
i=0

s—1
+7dY (T*A(J, - W})B)'AJ,,

=0

s—1
Rip=d) (-1){("W}AB - 7°AJ,B)' — ("W;AB)'} W,,
=0

s—1
Ry =—-1dW2Y (1) {("W}A'B'—°A'B'J,,,)' — (P"W;A'B')'} A’
=0
s—1
+71d T Z(T2A/B/(Jn+1 - W;))'Al,
=0
s—1
Ryo=—dW, Z(—W’ {("W}A'B' — " A'B'J, 1) — ("W;A'B')'}
=0
s—1
+d T, Y (TPAB (10— W))W,
=0
By (31) and (H6), we can estimate Ry;, R};, i=1,2 as
Ri;=0(r), Ry =O(1), Rj,=0(1). (39)
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Substituting (30) into (33) and (38), we get

|6, <5 (7 + maxllontensal) (10

with a positive constant Cj.

For 6§ € S’, there exit some positive constants 4, v} such that, r;2(0)1/6 =

d(Is 4+ 0°AB)™'1 >~y and —r ,(0)1/0 = d'(I, + 6 A’'B’)~'1 > ~}. By (H6),

any eigenvalues of [d(I +72W2AB)™'1/|"" and [d(I + *W?AB)'1/]""

are less than 4 and 7}, respectively. Substituting (30) into (37), W, '~ 1W,1,
and W, "7, 11/, are represented as

Wt Wi, = r12(T W) Aoy, (t,) + O(72),

41
Wh_l’/'ilwn+1/2 = (7’/171(7'Wh)B/ + d/)ah(tn+1) -+ O(TQ). ( )
Substituting (41) into (34), there is a positive constant C? such that
|0 mens)"]], = €t (7 maxllantensal) (12)
Wy, 1=0,1

Since ul (1) — ) (£,) = O(7) and 0\ (tnys/2) — 0\ (tns12) = O(T), we
get

W Wi (Ynar — ) = mr12(TWh) A {aun (tnr) — an(tn)} + O(T?),
W (Wpig2 — Yngaye) = 7(r (TWR) B + d) {ap (tni2) — o(tni1)} + O(7%).

Thus, by using (35), (40) and (42), there is a positive constant Cy such that

|6 éin)’

Moreover, let w; be the eigenvalues of W;. Then, by taking the orthogonal
matrix P to be P~1(7W,,) P = diag(7w;), we have

< (Y (73 + Tgﬂg)chah(th)H) ) (43)

Wh,

R(tW,,) = PR(diag(tw;))P~", where P = I, ® P.

Here R(diag(7w;)) is the same formula as (10), replacing 6 by diag(rw;). Let
Ay (Twj) = Ay; be the eigenvalues of R(diag(Tw;)). Ay, are the solutions of
(12), replacing 6 by Tw;. By (H6), we have 0 < Tw; < 79 and

|/\:|:J|§1,]:1, ,m.
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Then, by using Theorem 3.1, we obtain
[|R(TW)"|| = || R(diag(rw;))"|| < K (44)

with K a constant independent of n € N, 7 and h, || - || denotes the operator
norm for 2m x 2m matrices.
By (39), we obtain

where K is a constant independent of n, 7 and h.
From (44) and (45), we obtain

n

[

=1

Hence, from (36), (43) and (46), we obtain

< || R(EW)"|(1 + 7K)" < Ke"™ 1 < K. (46)

A A T A~ o T
H(En,En+1/2) HW < K2 (80,81/2) ’ W + KQHCQ (7-3 +T()r£ltag§“HC(h(t)H) 5
h h >

which implies that

for 1 <n < N. Using H(l/o,€1/2 + V1/2)T‘ W

h

(ényén+1/2)T’ W, S KQ

T
(et on)" ||, + KT (7 4 g oo

= C47? for a constant C4 > 0,

H(gnagn-i-l/Q)T‘ W, + H(V’m Vn+1/2)T‘ W

W S H(ényén—&-l/Q)T‘ :

and rewriting the constants, we finally obtain (28). O

5. Numerical experiments

We examine the convergence of the leapfrog scheme (13) and RKS4 (15),
by using the following model problem of the form

ou ov  0%u

D - = - <t <

5 =" 5= g +g(t,x,u), 0<t<T, x€Q,

w(t,0) = Bo(t), u(t,1) = Bu(t), 0<t<T, (47)
u(0,) = uo(x), H(0,2) = vo(x), =€
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Here T =1, Q = [0,1], g(t,z,u) = —sinu(t) and By(t), Pi(t), uo(z) and
vo(x) are given by using the following exact solution ([13])

= n! sin _r cos ot
u(t,x) =4ta {fy h(ﬂ>/ h(ﬂ)}

with v = 0.5. Let N be a positive integer, h = 1/N, and €}, be a uniform grid
0 02

with nodes z; = jh, j =0,1,--- , N. We discretize 8_: = 8_2; + g(t,x,u) in
x

space with the forth-order implicit scheme

{0 O = ) - 200 £ 0)

1 . . :
-5 {sin w () + 10sinw? (¢) + sin u”l(t)}

with v/ (t) = u(t,z;) ,v’(t) = v(t, z;) (see, [16]). Putting

un(t) = (u0(t), -, uN ()", w(t) = (W°(t), - 0N @),

we obtain an MOL approximation

dup,(t ~ dvp (T - . .
c}ilt( ) o), A C’;t( ) L) + a(0) + Honltn(t),  (49)
where
-2 1 0 0 10 1 0 0
] 1 -2 1 0 ] 1 10 1 0
L,=—10 1 =2 0 H=—110 1 10 0
"R ’ 12 | . ’
0 0 1 =2 0 O 1 10
and @, (t) = (Bo(t), 0, -+, 0, Bi(t))”. The eigenvalues of Ly, and H are
2 (j+ D 1 (j+Dm :
il MR ) 2 Mo —01.---.N 4
3 (cos N2 ),6(5+COS Nia ) J 0,1,---,N, (49)
respectively.

Multiplying H™! to (48), we get (2) with D = 1, L, = H'L,, on(t) =
H='¢n(t). By (49) the eigenvalues of Ly, is
12 6
bl G , . j=0,1,---,N.
h? ( 5+ cos((j +1)m/(N + 2))) J
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Since

2\/§T 6 2 \/67'
h <5+cos((N—|—1)7r/(N+2))_l> ST

if we take the step size 7 < v/2h/v/3, (H6) holds for the leapfrog scheme. If
we take the step size 7 < 2h, (H6) holds for RKS4. We take the various grid
and step size of the form h = 27 = 1/N so that both conditions are satisfied.
We apply the leapfrog scheme and RKS4 to the MOL approximation (48),
and integrate from ¢ = 0 to t =T. We measure the errors of the schemes by
using the discrete Lo-norm

Tp(Wh) =

max

0<n<2NT mnax ||5n+1/2||a

llenll, €22 = 0<n<2NT

Eu,L2 =

the discrete energy norm

€e = 0<I7£l§a2}§VT ||(5n75n+1/2>||Wh
and maximum norm
€u,max — 0<Inn§aQ>](VT{| |€n| |oo}7 €v,max — 0<Ir£l§%}]<VT{||€n+l/2| |oo}
with || - ||eo the maximum norm on R™.

Table 1: Numerical results for (47) using the leapfrog scheme

N 10 20 40 80 160 320 640
—logy ey 2 | 16.04 1815 20.17 22.18 24.18 26.18 28.18
Increment 211 2,02 201 200 2.00 2.00
—logy ey | 1410 16.13 18.14 20.14 22.15 24.15 26.15
Increment 203 201 200 201 200 2.00

—logy Eymax | 15.55 17.66 19.68 21.69 23.69 25.69 27.69
Increment 211 202 201 2,00 200 2.00
—logy €y max | 13.70 15.75 17.76 19.77 21.77 23.77 25.77
Increment 205 2.01 201 200 2.00 2.00
—log, €. 13.31 15.40 17.42 19.42 21.43 23.43 25.43
Increment 209 202 200 201 2.00 200
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Table 2: Numerical results for (47) using RKS4

N 10 20 40 80 160 320 640
—logy ey e | 19.17 23.16 27.15 31.15 35.15 39.15 43.14
Increment 3.99 399 4.00 4.00 4.00 3.99
—logy e, o | 18.28 2227 26.23 29.67 3224 3474 37.14
Increment 3.99 396 344 257 250 240

—logy eymax | 18.73  22.71 26.70 30.70 34.70 38.70 42.62
Increment 3.98 399 4.00 4.00 4.00 3.92

—logy ey max | 17.501 21.51 24.62 26.60 28.59 30.59 32.57
Increment 4.00 3.11 198 199 200 1.98

—log, e 16.98 20.97 24.90 28.60 31.75 34.55 36.73
Increment 399 393 370 3.15 280 218

Table 1 and Table 2 show that the observed order of the leapfrog scheme

and RKS4 is more than or equal 2. We observe that the order for u of RKS4
is higher than expected results from Theorem 4.1.
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